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A c losed w s t e m  of equat ions  i s  de r i v e d  for the energ3' flux, and the boundary condi t ions  a r e  
given. The t r a n s p o r t  coef f ic ien t s  and o ther  p a r a m e t e r s  a r e  found from e l e m e n t a r y  gask ine -  
t ic cons ide ra t i ons  for a high concent ra t ion  of the solid phase .  As an example ,  the solution 
i s  found for the problem of an "ad iaba t ic"  Couette flow for  a g ranu la ted  medium.  

1. The hydrodynamics  of mul t iphase  sys tem s does  not yet  have a s a t i s f a c t o r y  theo re t i ca l  b a s i s  de -  
spi te  the fact that i t  i s  of wide p r ac t i c a l  appl ica t ion  and that a ve ry  cons ide rab l e  amount of expe r imen ta l  
data has  been accumula ted  [1]. The ave raged  equat ions  of mot ion of two-phase  s t r e a m s  a r e  not d o s e d  and 
can be applied to nonuniform flows prov ided  that the d i m e n s i o n s  of the e l e m e n t s  in the d i ~ e r s e d  phase  a r e  
much s m a l l e r  than the c h a r a c t e r i s t i c  s ize of the channel or  boundary l a y e r .  

The equat ions  of ave raged  mot ion  of the p h a s e s  can be obtained in c losed  form if the in te rac t ion  mech-  
anism is  known. Two l imi t ing  s i tua t ions  can be d is t inguished:  the concent ra t ion  of the d i s p e r s e d  phase  i s  
sma l l ,  and i t s  e l e m e n t s  i n t e rac t  only with the c a r r i e r  medium (gas,  l iquid); the concent ra t ion  of the d i s p e r s e d  
phase  is  c lose  to max imum,  and the m o v e m e n t s  of the e l e m e n t s  have an o r d e r  which i s s igni f icant ly  sma l ] e r  
than the i r  c h a r a c t e r i s t i c  s ize.  

It i s  the l a t t e r  type of system that  we cons ide r  in th i s  paper  ( agene ra ] i za t i on  of [2]). We take a two- 
fluid model  d e s c r i b e d  by the phenomenologica l  hydrodynamic  equat ions  in which the t r a n s p o r t  coef f ic ien ts  
and o the r  quant i t i es  a re  de r ived  from e l e m e n t a r y  k ine t ic  cons ide ra t ions .  These  cons ide ra t i ons  a re  approx-  
imate  but they do allow the p r inc ipa l  r e l a t i o n s  to be unders tood and do r e f l ec t  the main  p r o p e r t i e s  of the 
v a r i o u s  phenomena.  

We follow a method in which the two p h a s e s  a r e  d e s c r i b e d  s epa ra t e ly  and the i r  in t e rac t ion  i s  taken 
into account by means  of a body force  F i. S ince  the size of the solid p a r t i c l e s  i s  taken to be much s m a l l e r  
than the c h a r a c t e r i s t i c  d i m e n s i o n s  of the flow and since the i r  concent ra t ion  i s  cons ide rab le ,  the g rad ien t  
of the "averaged"  ve loc i ty  of the fluid i s  negl ig ibly  smal l  in compar i son  with the loca l  g r a d i e n t s  near  the 
p a r t i c l e s  and so the equat ions  of mot ion of the fluid can be wr i t t en  in the Eule r  form 

9 ~: dq  _ Op __ ,~ (1.1) 
dt F i -  Ox---~ 

O (.~e) a (!,eq} 0 [ 1.2) 
Ot Ox i 

The force  F i which ac t s  on the s t r eam from the p a r t i c l e s  i s  g r e a t e r  than the s tokes  t e rm  in o r d e r  of 
magni tude.  Here p is  the dens i ty  of the fluid, ~ i s  the po ros i t y  ( f ract ion of the fluid in unit volume),  p is  
the p r e s s u r e  of the fluid phase ,  gi i s  the a c c e l e r a t i o n  due to mechan ica l  f o r c e s ,  t is  t h e t i m e ,  and ~ i s  the 
ave r age  ve loc i ty  of the fluid, which i s  r e l a t e d  to the ve loc i ty  in an empty c r o s s  sect ion v0i by the equation 

F o r  the solid phase ,  the equat ions  of mot ion  a r e  

d w i 0 Ti j  
psx -~- --: F t  -i- ~ -t- P~'~gi (1.:~} 
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a (psi) O (p'rw i) 
at - t - ~ = 0  . (1.4) 

w h e r e  P s  i s  the  d e n s i t y  of the  sol id  p h a s e  m a t e r i a l ,  7 = 1 - ~ i s  the  v o l u m e  c o n c e n t r a t i o n  of the sol id  p h a s e ,  
w i i s  the a v e r a g e  flow speed  of t h i s  p h a s e ,  and T i. i s  the  s t r e s s  t e n s o r  in the sol id  p h a s e  c o n s i d e r e d  a s  a 
con t inuous  m e d i u m  and r e f l e c t s  the i n t e r a c t i o n  o ~ t h e  sol id  p h a s e  p a r t i c l e s .  

We c o n s i d e r  the  sol id  phase  to c o n s i s t  of i d e n t i c a l  s p h e r e s  of d i a m e t e r  d. The  n u m b e r  of  p a r t i c l e s  
in unit  vo lume  n = 6 7 / r d  3. Of the  f o r c e s  ac t i ng  on a p a r t i c l e  f rom the f luid p h a s e ,  we c o n s i d e r  the h y d r a u l i c  
r e s i s t a n c e  and the t r a n s v e r s e  Magnus  f o r c e  which  a c t s  for  a flow round  a r o t a t i n g  s p h e r e .  We can thus  
w r i t e  

�9 ~ t  ~ p ] U [  ,xd 3 0 p  . .'xd ~ 
]~ = ~ 4 ~ u~ ~ a~ ~ - - T  P [h, o,]t (1.5) 

Here  ~ i s  the h y d r a u l i c  r e s i s t a n c e  coe f f i c i en t  of  a p a r t i c l e ,  w i s  the  a n g u l a r  v e l o c i t y  v e c t o r ,  u i 
= ~r ;(v i - w i) i s  the  m a x i m u m  flow v e l o c i t y  p a s t  the p a r t i c l e  a s  de f ined  by the m i n i m u m  r e l a t i v e  t r a n s f e r  
c r o s s  s ec t ion  ~. The  e x p r e s s i o n  fo r  the  Magnus  f o r c e  h a s  been  ob t a ined  in [3] ,and ~ = 1 -  1.17 T2/3 [2], 
ui  = eq~-I tvi - wi) i s  the a v e r a g e  flow v e l o c i t y  round  a p a r t i c l e .  The  a p p r o x i m a t e  r e l a t i o n s h i p  ~ = 1 .09- .  
( 1 - j 2 / 3 )  c a n b e o b t a i n e d b y  a m e t h o d  s i m i l a r  to that  used  in [2] for  c a l c u l a t i n g  r 

We a s s u m e  in the  c a l c u l a t i o n  of F i tha t  the  v e c t o r  w fo r  the p a r t i c l e s  in uni t  vo lume  i s  r a n d o m l y  d i -  
r e c t e d  and tha t  t h e r e f o r e  the Magnus  f o r c e ,  be ing  an i n t e r n a l  one ,  d o e s  not e n t e r  the m o m e n t u m  equa t ions .  
T h u s  

Equa t ion  (1.1) now b e c o m e s  

l " i = n < ] i ) - :  4 d ' O~ i (1.6) 

dv i Op 3 ~ "[  Ul (1.7) 
9 j - f  = axe. 4 ed 

By c o m p a r i n g  (1.7) and (1.1), we can d e c i d e  about  the n e c e s s i t y  of inc lud ing  the f a c t o r  a in f r o n t  of  

3D/3x i . 

In o r d e r  to d e t e r m i n e  the t e n s o r  Tij ,  we a s s u m e  that  the s y s t e m  of p a r t i c l e s  can be c o n s i d e r e d  a s  a 
f lu id  which s a t i s f i e s  the Stokes  p o s t u l a t e s  [4]. We can then w r i t e  fo r  T i j  the g e n e r a l  e x p r e s s i o n  [4] 

~ T i j  . . . .  Ps  iJ :c ~D~j - -  TDi~D~j (Di)= ~wi,'Ox ~-' ~gwJOxr (1.8) 

w h e r e  Dij  i s  the s t r a i n  r a t e  t e n s o r ,  p~ s, t~, T, a r e  s c a l a r s  which  depend  on the t h e r m o d y n a m i c  p a r a m e t e r s  
and the i n v a r i a n t s  of Dij .  We i n t r o d u c e  the quan t i ty  p s  = -1/3 (Tii+ 3/ Dik2), which r e p r e s e n t  the ana log  of 
the  h y d r o s t a t i c  p r e s s u r e  for  a s y s t e m  of p a r t i c l e s .  E x p r e s s i o n  (1.8) b e c o m e s  

(1.9) 

We a s s u m e  tha t  a s  with a n o r m a l  g a s  the s y s t e m  h a s  no " m e m o r y , "  i . e . ,  we ne g l e c t  such e f f e c t s  a s  
second  v i s c o s i t y .  T h i s  i s  j u s t i f i e d  by the fact  tha t  the  p a r t i c l e s  do not  have  i n t e r n a l  d e g r e e s  of f r e e d o m  
e x c e p t  r o t a t i o n a l  o n e s  and t h e s e  a r e  c o n s i d e r e d  to be r a p i d l y  r e l a x i n g .  

In o r d e r  to d e t e r m i n e  the q u a n t i t i e s  Ps '  # '  and % we t ake  a m o r e  de f in i t e  m o d e l  o f  the  m e d i u m  and 
c o n s i d e r  the so l id  p h a s e  a s  a g a s  of  sol id  s p h e r e s .  The  d i s t a n c e  be tween  p a r t i c l e s  ~ w a s  found in [2J a s  
l = d[ ' r0/~) l /3-  1] on the  a s s u m p t i o n  of s i m i l a r i t y  be tween  nondense  p a c k i n g  with d e n s i t y  T and s o m e  " s t a n d -  
a r d "  d e n s e  pack ing  of  d e n s i t y  T o . 

The  p a r t i c l e s  in the d i s p e r s i o n  m e d i u m  have  some " a v e r a g e "  m o t i o n  and a l so  p o s s e s s  r a n d o m v e l o -  
c i t i e s .  F o r  a su f f i c i en t ly  d e n s e  m e d i u m  w i t h / < d ,  a p a r t i c l e  can  on ly  co l l i de  with n e a r e s t  n e i g h b o r s  and 
the r e m a i n i n g  p a r t i c l e s  a r e  i n a c c e s s i b l e  (the phe nome non  of " s c r e e n i n g " ) .  The  m e a n  f r e e  pa th  of a p a r t i c l e  
~2l and the  t i m e  be tween  c o l l i s i o n s  t ~ 2//c4"~-, w h e r e  e i s  the r a n d o m  v e l o c i t y  of the  p a r t i c l e s  a p p r o p r i a t e  
to one d e g r e e  of  f r e e d o m .  

The  c o l l i s i o n  t i m e  of two s p h e r e s  i s  d e t e r m i n e d  by the speed  of sound e* in the  m a t e r i a l  of  the  
s p h e r e s  and i s  equa l  in o r d e r  of m a g n i t u d e  to t*~ 2d/c*; thus  the  f r a c t i o n  of s p h e r e s  in a c o l l i s i o n  s t a t e  i s  
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(for e << c*) 

t* d e 
;~ -T - = V S -  l .* 

and the f r a c t i o n  of s p h e r e s  in t h i r d -  o r  h i g h e r - o r d e r  c o l l i s i o n s  i s  g iven  in o r d e r  of  m a g n i t u d e  by 

33 ~ -~" 2B,z3 = 33~ ~ �9 �9 
9 (r/c,).2 

�9 [(T01T)' ' -- t ] ~ 

The use of the gas model presupposes that 

(1.10) 

I~s < ~  I (1 .11)  

T h u s  m u l t i p l e  c o l l i s i o n s ,  and hence  c o l l e c t i v e  e f f e c t s ,  can be n e g l e c t e d .  

By c o n c e n t r a t e d  s y s t e m s  we m e a n  t h o s e  fo r  which  

l / d  = (~o/T)','~- I < I (I. 12) 

(with T > 0.075).  

B e c a u s e  of  the  high vMue of c*, t h e r e  i s  a wide  r a n g e  of c o n c e n t r a t i o n s  for  which (1.11) and (1.12) a r e  
s a t i s f i e d  s i m u l t a n e o u s l y .  F u r t h e r  a n a l y s i s  wi l l  r e f e r  t o  t h i s  r e g i o n  and,  in p a r t i c u l a r  c a s e s ,  to the  r e g i o n  

zja -> 1. 

B e c a u s e  of  the  s c r e e n i n g  e f fec t ,  the  k i n e t i c  c o e f f i c i e n t s  can be c a l c u l a t e d  f r o m  a m o d e l  c o n s i s t i n g  
s i m p l y  of  two l a y e r s  of  p a r t i c l e s  s i t ua t ed  at  a d i s t a n c e  l 4.d f rom each  o t h e r .  The  f i r s t  l a y e r  can be t a k e n  
a s  f ixed  and the second  a s  m o v i n g  with an a v e r a g e  v e l o c i t y  Aw. The  p a r t i c l e s  in the  l a y e r s  a l so  have a 
v e r t i c a l  v e l o c i t y  c connec t ed  with the r a n d o m  m o t i o n .  

The  n u m b e r  of  p a r t i c l e s  e n t e r i n g  unit  a r e a  of  a l a y e r  

6T ." T '.L~ 

,~(l : d )  .~-".T~) 

An e r r o r  i s  m a d e  in [2] at  t h i s  po in t  but  it h a s  l i t t l e  e f fec t  on the  q u a n t i t a t i v e  r e s u l t s .  One s p h e r e  of  m a s s  
m u n d e r g o e s  c/2l c o l l i s i o n s  in unit  t i m e .  The  to ta l  n u m b e r  of  s p h e r e s  c r o s s i n g  unit  a r e a  in unit  t i m e  i s  

N = 3cz/~xd3~, ,1 = 1 - - ( ~ / T 0 ) ' 3  

so that the momentum transmitted normally through unit area of surface in unit time is 

p~ = 2 mc N = psC2T ,! I ]  (1.13) 

T h i s  r e l a t i o n s h i p  i s  the  s a m e  a s  the equa t ion  of  s t a t e  of  a d e n s e  g a s  of so l id  s p h e r e s  [5]. It h a s  been  
c o n f i r m e d  e x p e r i m e n t a l l y  by A. Ya.  G e i l e r  in h i s  t h e s i s  f o r  the  c a s e  of  a f lu id i zed  bed.  

The  va lue  of  the v i s cos i t y /~  can  be d e t e r m i n e d  by c a l c u l a t i n g  the t r a n s p o r t  of  the  h o r i z o n t a l  c o m p o n -  
en t  of  m o m e n t u m  f rom the second  l a y e r  to the  f i r s t  

i , ,. l 3'3 
] "  = ;~: (mzz;2 - -  mY21) =: - ~ "  p s a c T ~  ' - T  d~d.,/ 

w h e r e  T t i s  the  t a n g e n t i a l  s t r e s s  and y i s  the  c o o r d i n a t e  p e r p e n d i c u l a r  to the  c o l l i s i o n  p l ane .  T h u s  

Ij. 1 , / 2 0 s c d  ':2 : ~ = rot , q--~0.422 p~cd~'~, q (1.14) 

In o r d e r  to de f ine  the  p a r a m e t e r  7 which o c c u r s  in t l . 9 ) ,  we c o n s i d e r  the t e r m  YDikDkj .  Suppose  
tha t  t h e r e  i s  a p u r e l y  s h e a r  p lane  f low with dw/fly := 1. Then  

i 0~ 

It t hus  fo l lows  that  the  t e r m  TDikDkj  p r o d u c e s  n o r m a l  s t r e s s e s  u n d e r  the  ac t i on  of a s h e a r .  If t h e r e  
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i s  r e l a t i v e  m o t i o n  be tween  the l a y e r s  the  s p h e r e s  wi l l  r o l l  o v e r  one 
a n o t h e r  and t h i s  wi l l  l ead  to a " b u r s t i n g "  f o r c e .  

In o r d e r  to m a k e  a qua n t i t a t i ve  e s t i m a t e  of  t h i s  e f f ec t ,  we c o n s i d e r  
a h e m i s p h e r e  f rom the f i r s t  l a y e r  (F ig .  1). In the a b s e n c e  of s h e a r ,  
a p a r t i c l e  a r r i v i n g  at  the  point  M m o v e s  a long the v e r t i c a l  AM with 
v e l o c i t y  c. If t h e r e  i s  a s h e a r  v e l o c i t y  Aw, the p a r t i c l e  t r a j e c t o r y  
d e v i a t e s  f rom the v e r t i c a l  by an angle  fl, but  the v e r t i c a l  componen t  
of  v e l o c i t y  r e t a i n s  i t s  va lue  so tha t  w cos  fi = c. The v e r t i c a l  m o m e n t -  
urn t r a n s m i t t e d  by the p a r t i c l e  to the  h e m i s p h e r e  

(2~ -- .B)] 
i~ = m w  Icos ~ -4- cos (2a - -  ~)l = m c  ~ [t  -~- cos cos 

We now c a l c u l a t e  the e x c e s s  m o m e n t u m  caused  by the s h e a r  

i~ - -  io = mc  s i n  2 a  tg  

At the s y m m e t r i c a l  point  Mr ,wh ich  i s  c h a r a c t e r i z e d  by the angle  - a ,  the r e s u l t  of the  s h e a r  i s  equal  
in m a g n i t u d e  but o p p o s i t e  in sign.  The  n u m b e r s  of p a r t i c l e s  a r r i v i n g  at the p o i n t s  M and M'  in uni t  t i m e  
a r e  d i f f e r e n t  in the p r e s e n c e  of  s h e a r .  F o r  the  po in t  M the n u m b e r  i s  p r o p o r t i o n a l  to c o s  ( o - f l )  and for  
the  po in t  M ' t  to cos  ( a  + fl). The  to ta l  e x c e s s  m o m e n t u m  fo r  M and M' i s p r o p o r t i o n a l  to the  d i f f e r e n c e  
cos  ( a - f l ) - c o s ( c z ~  fl) : 2 sin c~.sin ft. Thus  fo r  unit  a r e a  we ge t  

a s 

Ap, ' 2Vm--c I - ' , i n  a,, s i n 2 a t g ~ 2 s i n e ,  s i n , ~ c o s a d r t  "%8 a'~ -- ";4 si'l 4=~ tg ~ sin ' 3 s i n  a,J 
0 

w h e r e  a 0 i s  the l i m i t i n g  va lue  of  a de f ined  by 

sin % = - -~  . . . .  t,'T."r (1.15)  2 \ T /  

Now 

aw t du, (l-~- d) 
s i n ~ t g ~ = - - 7 - - =  T d.v 

A s s u m i n g r  to be c l o s e  to T O and us ing  (1.15), we ge t  s0=  r . / 6 + X ,  w h e r e  X i s  a s m a l l  p a r a m e t e r .  
L i m i t i n g  o u r s e l v e s  to the  f i r s t  power  s in the  e x p a n s i o n ,  we have  

whence  

3 f % '. % [ / "on "%'] 
A p , = ~ p +  - - i  +arcsm ~- ! 

' . ~ i  t " ( , T )  J 4 V X  
n ] d"-/dw"3 

? ~ 0.0t9 p~ dZ / c2 (1.16) 

The  va lue  of 7 > 0. T h i s  c o r r e s p o n d s  to the  a c t i o n  of  a " b u r s t i n g "  f o r c e  in the  s a m e  d i r e c t i o n  a s  the 
p r e s s u r e .  It can be seen  f rom (1.16) that  the  t e r m  ~DikDkj  b e c o m e s  c o m p a r a b l e  with Ps  when dw/dy >> c/d,  
i . e . ,  on ly  unde r  e x t r e m e l y  n o n e q u i l i b r i u m  cond i t i ons .  

2. In o r d e r  to set  up the  e n e r g y  b a l a n c e  in some  p a r t i c u l a r  v o l u m e ,  we have  to r e m e m b e r  that  the 
i n t e r n a l  e n e r g y  of  r a n d o m  m o t i o n  i s  g e n e r a t e d  not  only  f rom d i s s i p a t i o n  of  the a v e r a g e  mo t ion ,  but  a l so  a s  
a r e s u l t  of  the  M a g n u s  f o r c e s  which a r e  of an i n t e r n a l  n a t u r e .  T h e r e  i s  a l so  a d e c r e a s e  of  the  i n t e r n a l  
e n e r g y  a s  a r e s u l t  of c o n v e r s i o n  into t h e r m a l  e n e r g y  t h rough  f r i c t i o n  of  the  p a r t i c l e s  with the fluid and 
th rough  i n e l a s t i c  i n t e r p a r t i c l e  c o l l i s i o n .  The  e n e r g y  b a l a n c e  equa t ion  m u s t  a l so  a l low f o r  e n e r g y  t r a n s f e r  
th rough  m e c h a n i c a l  " t h e r m a l  conduc t iv i t y . "  

We de f ine  the to ta l  e n e r g y  of  the  so l id  p h a s e  m o v i n g  in a vo lume  V a s  the sum of the k i n e t i c  K and 

i n t e r n a l  U e n e r g i e s :  

K ~-~)$'~H2 dV~ U -.= ~ s  TEdV 
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w h e r e  E i s  the  i n t e r n a l  e n e r g y  p e r  uni t  m a s s .  

We now app ly  to the  v o l u m e  V the law of c o n s e r v a t i o n  of e n e r g y  of the sol id  p h a s e ;  the  change  in the  

t o t a l  e n e r g y  of the  ~ s t e m  m u s t  be equa l  to the w o r k  done  by e x t e r n a l  and i n t e r n a l  f o r c e s  p lu s  the  e n e r g y  

app l i ed  to the s y s t e m  o r  d e r i v e d  f rom i t .  T h u s  

d ( K §  U ) _  ((Fiwt-4-t)~Tglwi ~, QM -- QD)dV -',- ~ ( T i ; w i -  q,)dS,  (2.1) 
dl ~ $ d 

l t e r e  QD and QM a r e  the  p o w e r s  of  the  d i s s i p a t i o n  and Magnus  f o r c e s  p e r  uni t  v o l u m e  and qi i s  the 

e n e r g y  flux v e c t o r  fo r  the r a n d o m  mo t ion .  

If we convolve  t l .3 )  wi th  w i and in t eg ra t e  o v e r  the v o l u m e  V, then a f t e r  some  s t a n d a r d  t r a n s f o r m a t i o n s  

we ge t  

dK fil"iw'-~-Ps'rglu"i--2-11~DiJ) TOwflS' 
"v" S 

The  e n e r g y  equa t ion  (2.1) b e c o m e s  

i !  t , ', i dC~' = ; Q,~I-  QD ~- ~-/ i )Di)! i  dV -- qflSi 
dt 

(2.2) 

We now t r a n s f o r m  the s u r f a c e  i n t e g r a l  to a v o l u m e  i n t e g r a l  and use  the equa t ion  

cL-'Td i p ~EdV i ps dE-dt d V 
v 

(the vohm~e V i s  a r b i t r a r y )  and ge t  f rom (2.2) that  

~ (2.3) d E  O.'~t - -  QD : + l'~jDi~ O~i P~'~ ,i~t -= ' " 

The  i n t e r n a l  energy" II of  one p a r t i c l e  c o n s i s t s  of the e n e r g y  of t h r e e  t r a n s l a t i o n a l  and t h r e e  r o t a t i o n a l  
d e g r e e s  of  f r e e d o m .  The  v e r t i c a l  c o m p o n e n t  of  the  r a n d o m  v e l o c i t y  h a s  been  t a k e n  a s  c and so the e n e r g y  
in t h i s  d e g r e e  of  f r e e d o m  i s  1/2 m c  2. F o r  a c o n s e r v a t i v e  s y s t e m  in e q u i l i b r i u m ,  the  e n e r g y  i s  equa l ly  d i s -  
t r i b u t e d  o v e r  the d e g r e e s  of f r e e d o m  [6]. We thus  t ake  H= (3~ 3) mc2/2 = 3 mc 2, whence  E =  H/m = 3 c ~. 
F r o m  e q u i p a r t i t i o n  of e n e r g y  it f o l l ows  tha t  

mc 2 = 1/,o md2w 2, (o = VI(~ c/d (2.4) 

w h e r e  w i s  the  r m s  componen t  of  the a n g u l a r  v e l o c i t y  of a p a r t i c l e .  

We now e s t i m a t e  the power  of the M a g n u s  f o r c e s  QM" The M a g n u s  f o r c e  ac t ing  on one p a r t i c l e  i s  
de f ined  by the l a s t  t e r m  in(1 .5) ,  and so QM = 2p r  [u, wi le  i .  The  va lue  of QM d e p e n d s  on the r e l a t i v e  o r i e n t -  
a t ion  of  the v e c t o r s  u i ,  w i ,  and c i.  F o r  a rough  e s t i m a t e  of the  e f fec t ,  we t ake  the a n g l e s  be tween  u i and w i 
and be tween  [u, w] i and e i a s  equal  to r,/4. If we take  the length  of the v e c t o r  c i a s  ~ we can use  (2.4) to 
ge t  

O.~r = V 30 0r u / d 

The  coe f f i c i en t  ] /3~ i s  on ly  an e s t i m a t e  and i t  should be subse que n t l y  r e f i n e d ,  for  e x a m p l e ,  e x p e r i -  
m e n t a l l y .  

The  p o w e r  o f  the i n t e r n a l  e n e r g y  d i s s i p a t i o n  QD i s  m a d e  up of s e v e r a l  p a r t s .  It i s  shown in [2] that  
di  s s i p a t i o n  o v e r  a m e a n  f r e e  path  can be n e g l e c t e d .  The  m a i n  d i s s i p a t i v e  p r o c e s s e s  a r e  connec ted  with 
c o l l i s i o n  e f f e c t s .  

C o n s i d e r  f i r s t  the  f r i c t i o n  d u r i n g  a c o l l i s i o n .  Suppose  tha t  a c o l l i s i o n  o c c u r s  b e t w e e n  two s p h e r e s  

wi th  d i f f e r e n t  v e l o c i t i e s  mov ing  in o p p o s i t e  d i r e c t i o n s .  The  s p h e r e s  a r e  s u p p o s e d  to be n o n r o t a t i n g  
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b e f o r e  the c o l l i s i o n .  We suppose  that  in the c o l l i s i o n  p r o c e s s  the  s l ip  of the s p h e r e s  p a s t  one a n o t h e r  
c e a s e s  a l t o g e t h e r .  A s  in the c a s e  of the i m p a c t  of  a s p h e r e  a g a i n s t  a f ixed p lane  [7], we have  the r e l a t i o n -  
s h i p s  

wtx = ~17 Wto, oJ~ = lOl: d - iwt9  

w h e r e  w. i s  the t angen t i a l  componen t  of ve loc i t y  of e ach  s p h e r e ;  the suffix 0 r e f e r s  to the  s ta te  b e f o r e  the 
c o l l i s i o n t a n d  the suffix 1 to the s t a t e  a f t e r .  If the i m p a c t  i s  e l a s t i c ,  then Wn~ = -x~h0. The  i n i t i a l  k i n e t i c  
e n e r g y  of  each  s p h e r e  h 0 = 1/2 m (wk02+ x~02), and a f t e r  the c o l l i s i o n  

m . ~ I 0 ~  e 5 1 
tq-= ~-(u,f l- i-w,,~")-i" 2 = 1 ~  mu't~ :---2 -mw'~~ 

If we take  Wto = c, then each  s p h e r e  l o s e s  an e n e r g y  mc2/7 in the c o l l i s i o n  and an amount  2/7 mc 2 i s  
c o n v e r t e d  into hea t .  The  t i m e  be tween  c o l l i s i o n s  of  a s ing le  s p h e r e  i s  2//c ~ The  s p h e r e  t hus  u n d e r g o e s  
c V 3 - / 2 1  c o l l i s i o n s  p e r  unit  t i m e .  The  to ta l  n u m b e r  of  c o l l i s i o n s  p e r  unit  t i m e  p e r  unit  vo lume  i s  

I < i . " ~  oT = 3 - - - t / U .  <,t 
2 2L ~ d  a 2 ~d31 

If the  d i s s i p a t i o n  i s  c aused  only  by i m p a c t  f r i c t i o n  then 

Qo .... - - T 4 -  ~ ' el (T, ,t)'.~ _ 1 

If the s p h e r e s  a r e  smooth  and i n e l a s t i c ,  

Ah - ( 1 - - k  2) m c 2  

w h e r e  k i s  the  coe f f i c i en t  of  r e s t i t u t i o n  and the d i s s i p a t i v e  l o s s e s  p e r  uni t  vo lume  a r e  

In the  g e n e r a l  c a s e  we can t ake  

Q v  = (l - -  k2) /~s ;l . T 
(t,,,,t) . . . .  t 

,> T ( 2 . 5 )  
Qo--= ~,o< <~ ( t , , , " t ) "  - t  

w h e r e  to the f i r s t  a p p r o x i m a t i o n  

l f 3  f I 1 - - I ,  a', 
_ _  _ _  + - - 2 - - )  6 ~  't 7 

T h i s  p a r a m e t e r  can be c o n s i d e r e d  a s  a c h a r a c t e r i s t i c  of the  m a t e r i a l  of the s p h e r e s  which m u s t  be 
d e t e r m i n e d  by e x p e r i m e n t .  A m o r e  d e t a i l e d  c o n s i d e r a t i o n  l e a d s  to a weak  d e p e n d e n c e  on the c o n c e n t r a t i o n  
T.  The  h y d r o d y n a m i c  p e r t u r b a t i o n s  caused  by the p a r t i c l e  c o l l i s i o n s  a l so  m a k e  a c on t r i bu t i on  to Q D  When 
two p a r t i c l e s  a p p r o a c h  each  o t h e r  they  c o m m u n i c a t e  k ine t i c  e n e r g y  to the m a s s  of the  l iquid  be tween  them.  
T h i s  e n e r g y  i s  d i s s i p a t e d .  The  p r o b l e m  of the c o l l i s i o n  of two s p h e r e s  i s  d i f f i cu l t  to so lve  even fo r  the  
c a s e  of an idea l  f lu id .  The  l o s s  of e n e r g y  m u s t  be of the  o r d e r  of p c  2 (with a coe f f i c i en t  of the o r d e r  of 
uni ty) .  The  r a t i o  of  the h y d r o d y n a m i c  to the i m p a c t  d i s s i p a t i o n  i s  t h e r e f o r e  of the o r d e r  of P / P s  for  a s y s -  
t em of so l id  p a r t i c l e s  suspended  in a g a s ,  and so the  h y d r o d y n a m i c  d i s s i p a t i o n  can be ne g l e c t e d .  

The  t e r m  (I /2)Ti jD i, in (2.3) c h a r a c t e r i z e s  the work  done in expand ing  the g a s  of so l id  s p h e r e s  and 
J 

the  d i s s i p a t i o n  of  the e n e r g y  of a v e r a g e  mo t ion .  The  l a s t  t e r m  in t2.3) c o r r e s p o n d s  to t h e r m a l  conduc t iv i ty .  

Suppose  that  the  l a y e r s  of  s p h e r e s  have  d i f f e r e n t  v a l u e s  of H = 3mc 2. Then  the t r a n ~ e r  of  t h i s  quan-  
t i t y  f rom l a y e r  to l a y e r  i s  g iven  by 

q N ( g  I H.z) d l l  . .  . . . . .  N - - ~ - (  ~ .~ -d )  

whence  

qi = - -  L o_if_E, L = bt ~ O ,422p<cdT" /q  (2.6) 
0x i 
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and the Prandtl  number Pr  = p / L  = 1. 

We have thus obtained a closed system of equations which descr ibe  the behavior of concentrated dis-  
persed  sys tems .  If the fluid phase is incompress ib le ,  then T, vi ' p, wi ' Ps '  and c are  unknowns. They can 
be determined from t1.1)-(1.4), (1.13), and (2.3). For  a compress ib le  fluid phase the system must be sup- 
plemented by the equations of state and energy for  the fluid phase. Fo r  an ideal gas  these equations are 

d T  Op , 0 f "01"~ 
(2.7) 

where R is the universal  gas  constant, Cp is the specific heat at constant p r e s su re ,  T is  the absolute temp- 
e ra tu re ,  ~, is the thermal  conductivity of thegas ,  and Q is the heat obtained by the gas from the solid phase. 
Using (1.6) and (1.7). we can represen t  the second equation in (2.7) as 

d ( ~_~_) a /. o r \  (2.8) 

If thermal p r o c e s s e s  are important  in the d i spersed  system [for example if an amount of heat Qp is 
produced in the solid phase), then the thermal  balance equation must  be written down for the solid phase 

(2.9) 

where c s and T s are  the thermal capacity and tempera tu re  of the solid phase, A is the diffusion conductivity 
twhich is quite important  in a number of cases  [8]). The quantity Qp includes the dissipative heat QD. For  
convective thermal exchange 

Q -- 6 ~d- la  (Ts - -  T) 

where (r is the heat t ransfer  coefficient. 

3. The boundary conditions for the p a r a m e t e r s  charac ter iz ing  the fluid phase are formulated in the 
standard way for hydrodynamics.  

The boundary conditions for the solid phase are  determined by the per turbat ions  experienced by a 
solid surface Splaced in the part icle  s t ream. On this surface Swe have the condition that no par t ic les  can 
penetrate ,  i.e., x~h]S = Wn, where W i is the velocity of motion of an element of S; if the surface is stationary 
then w n I S :: 0. The motion of the par t ic les  along a wall can take place with a significant slip velocity 0. 
The par t i c les  acquire significant angular veloci t ies  from coll is ions with the wall and also translational 
veloci t ies  relat ive to the layer.  This produces a loss  of a considerable fraction of the tangential momentum 
by the par t ic les  and inc reases  the internal energy of the layer .  

The wall has an order ing  effect on the adjacent layer  of par t ic les  and causes  local changes in the 
porosi ty .  However, this effect is outside the scope of the present  paper,  which is based on the assumption 
that there is total d i sorder  in the par t ic le  positions. 

We now consider  the impact  of a part icle  on the wall, assuming this impact to be elast ic.  'Since the 
angular velocity of the par t ic les  inside the layer  is on average equal to zero,  we take the sphe re s  to be 
nonrotating before the collision. The loss in the tangential momentum of a par t ic le  is then [7] 

Iz/TmO (017c~< i) 
mawr  = [2[mc (O/7,:~ l) (3.1) 

w h e r e f  is the coefficient of sliding frict ion at the surface;  the case a/7 c ~ f  cor responds  to the cessat ion 
of slip. For  the angular velocity we have 

o)d == { 1~ (0 ,. 7r ~ j) 
2fmc ~O ~ ~c >~ ]) (3.2) 
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Multiplying (3.1) by N, we get the tangential s t r e s s  at the wall 

I ~/70c-tP' (0 / 7c % 1) (3.3) 
Tt = [ /P ,  ( 0 / 7 c ~  l) 

The tangential s t ress  va r i es  continuously with the quantity 0/7c. When 0/Tc~f the s t r e ss  depends lin- 
ear ly  on O as is charac ter i s t ic  of fluid friction. When O/Tc>-f  the s t ress  becomes  constant, i.e., the dry 
frict ion law holds. The discontinuity in (3.3) is  due to the e lementary  t reatment  which assumes  that the 
quantity 0/7c is the same for all spheres  and that the initial angular velocity is zero.  If the part icle  d is -  
tr ibutions in l inear and angular velocity are taken to be :VIaxwellian (for example) the relationship becomes 
a smooth one. 

The derivation of (3.3) ignored the velocity gradient in the layer  which, when the term TDikDkj is in- 
cluded in (1.9), produces an additional normal  s t ress .  In general  (3.3) should be replaced by 

{~1 7c tO/Tc<<l) (3.4) 
Tt =- ~T~,, ~ = (0/7c>~]) 

Here T n is the total normal s t ress  at the wall. The boundary condition for the tangential component 
of velocity [allowing for the particular law of friction at the surface) can be found by equating the quantity 
T t from ~3.4) to the tangential s t r e s s  derived from tl.9). 

The boundary conditions for the internal energy E depend on the p roper t i e s  of the par t ic les  and the 
wall. The wall might,  for example, generate energy by vibration, or  absorb it. 

An additional energy flux, connected with the conversion of part  of the energy of ordered motion at 
the wall into random motion, can be found in the form 

qc ~= ~,----g-- ~- N = ~-p~-~- ~ c (3.5) 

The boundary conditions for the energy equation including (3.5) in the absence of other p roces se s  at 
the wall can be found by equating the right sides of (3.5) and (2.6). 

f r i jwjdSi,  which is included in (2.1) does not affect the internal The power of the surface fo rces  S 

energy balance as  it does not occur  in (2.2). 

4. The par t icular  case is  considered in [2] of a d ispersed system in which the solid phase has no 
average motion. ~nce Dij  = 0, the equation of motion of the solid phase simplifies and reduces  to the con- 
dition for hydrostat ic  equilibrium. The energy equation reduces  to QM = QD" A par t icular  proper ty  of this 
type of system (a model of a fluidized bed) is the l iqu id -vapor  phase transit ion.  

We consider now another example - the analog of a plane Couette flow for a granulated mater ia l  in 
which there is no fluid phase (p = 0). When a viscous gas flows between two parallel  walls which are moving 
with the same speed in opposite d i rect ions  the frictional heat must  be taken away through the walls in order  
for stationary conditions to exist. Because of the presence of a sink of internal energy in the form of the 
dissipated power QD' adiabatic condition s are po s sible (ql s = 0), and the se are con sidered below. 

We look for solutions with constant values for the velocity gradient dw/dy = a, the internal energy E, 
and the p re s su re  Ps" Equation (1.9) gives 

i t  0' / 9 t '  / 
T~j-= --(p~ q-Ta) ~ ~,, -I-I ~a 

It thus follows that 

7',~ == p, + ~ga 2, T t := p.a (4.1) 
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Since I/2 TijDij = # a2 ,  the energy equation (2.3) r educes  to QD : pa2. 

a2d2 . . _  2~ 2 ,  ]/"~ ---~_ c T ~, ad  = c'~', 
TO ~ "CO 1'3 

We now use (3.4), substituting (4.1) into it. With (1.13), (1.14), and (1.16), we get 

Using (2.5) and (1.14), we get 

(4.2) 

(4.3) 

Fo r  elast ic  rough spheres  we have a = 4"~-~ ,  ~ = 0.25. 

Thus for this Couette flow ~ is a constant number.  If the coefficient of f r i c t i o n f  >~, then from (3.4) 
8/7c = ~. and this express ion defines the jump in velocity at the flow boundary. A gradient flow is impossi-  
ble f o r f < ~ .  When there is no external  force  field a normal p r e s s u r e  is produced only by a ~thermal" ex- 
pansion of the layer ,and it is  possible to get the tr ivial  solution e = 0, Tij = 0, a = 0. T h e p l a n e s  freely 
slide over  the par t ic le  layer  without any interaction.  A nontrivial solution exis ts  only f o r f > ~ .  Then 
= 7~c. Suppose that the relat ive velocity of the plates  is given as w0 = ab+ 2~c, where b is the width of the 
layer.  Solving this equation together with (4.2) and using (4.3), we get 

w ,  d w  / T \ ~,~ w,  ( I To "\ ' ~ b \ 

The quantity 7 in this problem must  be given. The tangential s t r e s s  ar is ing at the plates as they 
move is 

PT "t" w ,  ~ 

The resu l t s  which have been obtained are  in qualitative agreement  with experiment.  Suppose that a 
granulated mater ia l  is placed between two cyl inders  of which the inside one ro ta tes  and the outer one is 
fixed. If the internal cylinder is smooth, the layer  does not affect the rotation. The motion of the granu-  
lated mater ia l  begins only when the inside cylinder becomes  sufficiently rough. 

The authors  are grateful to S. S. Kutateladze for  a discussion of this work. 
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